Abstract-Smart materials, such as magnetostrictive and piezoelectric materials and shape memory alloys, display certain coupling phenomena between applied electromagnetic or thermal fields and their mechanical properties. This leads to complicated constitutive behaviors of actuators built from these materials and limits their effective use. In this paper, we introduce a model for magnetostrictive actuators that effectively captures phenomenological behavior over the frequency range 0-800 Hz. The model includes rate-independent hysteresis, classical eddy current losses, excess losses, magneto-elastic coupling and inertial effects.
I. INTRODUCTION
Modeling magnetostrictive actuators is a challenge due to the hysteresis in the constitutive relation of the magnetic materials and the eddy and excess current losses that depend on the frequency of the excitation. Approaches that assume linear Ohmic losses in the winding and eddy current losses in the core, are adequate for producing low frequency models for the frequency range 0-200Hz but are insufficient for producing models accurate over larger frequency ranges, such as 0-1 kHz. In this paper, we are interested in producing a phenomenological model for the AA-050H actuator manufactured and marketed by ETREMA Inc.
Iyer and Manservisi introduced a model that used a nonlinear resistance to more accurately model excessive power at high frequencies [15] . However, due to its complexity, the question of identifying the parameters for this broad-band model has not yet been addressed, though this step is crucial to the usefulness of the model. Any attempt to solve for these parameters is further hindered by the need to know the loss due to the rate independent hysteresis which is a function of the magnetizing waveform shape [8] . Our goal is to present a model derived for input voltages in the space L 2 (0, T ) ∩ L ∞ (0, T ) and to develop a parameter-identification process for the model. We present a modification of the model developed by Iyer-Manservisi by introducing an array of dependent current sinks for excessive power loss, skin effect and proximity effect in the frequency range 0-800Hz. These current sinks can be easily shown to be equivalent to appropriate nonlinear voltage dependent resistance.
The parameter identification process can be divided in to three broad categories: 1. identification of loss parameters due to winding and eddy currrents -macroscopic and microscopic, 2. identification of the density function of a Preisach operator, and 3. identification of magneto-elastic loss parameters. The second and third categories have been investigated by Venkataraman [14] ,Della Torre [16] and other authors. We primarily address the first category independent of the other two categories. We identify the loss parameters in two separate steps: one for the core loss and the other for the winding loss.
In magnetized materials, losses can be decomposed into the sum of the hysteresis (P hys ), classical (P cl ), and excess (P exc ) loss components [17] . We have the following equation for sinusoidal voltage inputs of frequency f Hz, for the range 0-500Hz:
Hence, the power loss per cycle is
where the coefficients are functions of the peak magnetization current. Hysteresis power loss per cycle, C 0 , is independent of the frequency while the other two terms depend on frequency. We need to identify C 0 , C 1 and C 2 for a specific actuator. In the winding, eddy currents produce skin and proximity effects. At high frequencies, rapidly changing flux induces a voltage drop which develops eddy current within the wire. As a result, increasing the frequency causes the current density to increase at the conductor surface and to decrease towards zero at the center. Consequently, wire resistance at high frequencies is many times greater than at low frequencies. In the case of magnetostrictive actuators, this is true even at 800Hz. This is called skin effect. A similar phenomenon, caused by the changing flux due to the current of nearby conductors, is called proximity effect. Both the skin effect and the proximity effect cause the current density to be nonuniform in the cross-section of the conductor, which, in turn, causes higher winding loss at higher frequencies.
By considering a model with constant lead resistance, we carried out a set of experiments to observe the effect of the winding losses. For low frequencies, we recognized that the only significant winding loss is indeed the DC lead resistance. However, for high frequencies, experimental data coupled with theoretical analysis suggests that the constant resistor is no longer sufficient. We then propose a model with an array of current sinks in series with the input line to adequately represent the winding losses. Then we demonstrate that such a model can describe the actuator behavior for a frequency band up to 800Hz.
II. NONLINEAR CIRCUIT MODEL
It is customary to express the winding losses at low frequencies as a series resistor, R. The functional representation of the core losses is a variable conductance with the current ϕ(·) that is a function of the voltage across it, e. Using these we formulate a fundamental circuit diagram for an actuator, as shown in Fig. 1 . Variables v and i in Fig. 1 are the input voltage and the current of the actuator winding, respectively. The magnetization current is represented by i m and e represents the induced emf due to magnetization. Function ϕ(e) is a monotone increasing function of e. Then eϕ(e) describes the instantaneous power losses and is a monotone increasing function with respect to e. Assuming that the winding losses can be described by the DC lead-resistance, R, we can obtain a system of equations to describe the circuit. To do so, we first apply Kirchoff's voltage and current laws to the circuit in Fig. 1 . We obtain
The magnetization current, i m , is proportional to the average axial magnetic field of the coil and is in the form i m = cH, where H is the average axial magnetic field in the magnetized rod and c is a constant [19] . From Faraday's Law, voltage e can be written as e = NA dB dt , where B is the average magnetic flux density along the axis of the inductor, N is the number of turns in the coil, and A is the cross-sectional area of the rod. The definition of B yields B = µ 0 (M + H), where µ 0 is the permeability of the air and M is the axial magnetization. Following Iyer-Shirley, [14] classical Preisach operator is employed to represent the rate-independent hysteresis, yielding
is the hysteresis operator and ψ 0 is the initial memory curve. We then obtain the following system of equations:
where m, c 1 , c 2 , b > 0, α = R, β = cR, and γ = 1 µ 0 NA . Equation (8) relates the displacement of the tip of the actuator y to the magnetomotive force bM 2 and the external force F ext .
A. Existence, Stability and Uniqueness
We now state three theorems that prove existence, stability and uniqueness of the system of equations (5)- (7) for v ∈ L 2 (0, T ). We leave out equation (8) in the following because existence and uniqueness for y will follow from ODE theory once they established for M. For the proof of the theorems we use the following general hypotheses: H 1: ϕ(e) is strictly monotone increasing with respect to e, and ϕ(0) = 0.
The Preisach operator is defined as [1] :
where
is a family of operators that is defined as in Equation (9), with q given by (10) . Both measure ν and density ω are non-negative and it holds that
In addition, the initial condition ψ −1 is measurable and
Then there exists a weak solution (H,M,e) to the system (5) - (7) satisfying
2 ) of weak solutions of (5)-(7) satisfy:
Theorem 3: (Uniqueness) Under the same assumptions as the Stability Theorem, Theorem 2, the weak solution of system of equations (5)- (7) is unique
The proofs of this theorems can be found in [18] .
III. EFFECTS OF WINDING LOSSES
In this section, we first investigate the behavior of the induced emf for sinusoidal input voltages. Then we discuss an important property of the fundamental model that arises due to the assumption that the lead resistance is a constant. We do not prove the following claim, which will be proved in a forthcoming paper.
Claim: Let v be a bounded, continuous periodic function on [0, ∞) with period T p . Assume H 1 to H 4 Then e, H, and M each asymptotically converge to a continuous periodic function with period T p .
Next we prove that for a constant e rms / f ratio, the RMS value of the input current is a monotone increasing function of frequency f . The equation for the winding resistance is given by (3) . If v(·) is a periodic function with period f then from above claim, i(·) and e(·) are almost periodic functions. So, asymptotically (or for t large enough), we can take inner products on the interval [0, 
Using the transform τ = f t, we convert the inner-products to the interval [0, 2π] as
From Equation (3), we obtain:
Note that i, v τ > 0 since it is the RMS power delivered by the source. Therefore: v, v τ > e, v τ . Next, take the inner product of v with e:
v, e τ = R i, e τ + e, e τ .
Now, i, e τ > 0 since it is the RMS power delivered to the output of the 2-port network (in this case, the magnetostrictive actuator which has losses due to friction during mechanical motion). Hence,
This shows that v rms > e rms . If e rms = C f for some C > 0, then v rms > C f . Since v(·) is the voltage of the source, we can pick its amplitude to change with frequency (otherwise, we cannot stay on the e rms = C f curve). Suppose we choose the amplitude of v(·) so that e rms = C f and v rms ≥ C 1 f , where C 1 > C. Using Cauchy-Schwartz Theorem on v, e τ , we obtain
v, e τ ≤ v, v
Next, take the inner product of Equation (3) and obtain the following string of inequalities: 
This shows that i rms is a monotone increasing function with respect to the frequency f (as C 1 > C > 0). To experimentally observe the monotone increasing behavior of i rms for a given e rms / f constant curve, we must measure the resistance R and the e rms . However, e(t) is not directly obtainable. By applying controlled DC current and measuring the input voltage across the terminal we obtain the value of R. Next we present a method to measure e rms .
A. Measuring RMS values of e(t) and i(t)
Consider the circuit in Fig. 2 with an external circuit connected to the actuator, where R 1 is the potential divider resistance.
Fig. 2. Circuit for measuring induced emf e(t)
For this circuit,
Therefore, e = 2v − v 1 
Thus we only need to measure the RMS value ofṽ, which is directly obtainable. Furthermore, by measuring the RMS voltage across the external resistor R, we can obtain the i rms .
B. Experimental observations
To empirically verify the predictive capability of the nonlinear circuit in Fig. 1 , we carried out the following experiments. We applied a sinusoidal voltage to a Terfenol-D AA-050H actuator manufactured by Etrema Products, Inc, which has current rating 1.4 A and a rated frequency range 0-3000 Hz. Applying a set of sinusoidal waveforms at various frequencies from 0 to 1000 Hz, RMS values forṽ and i were obtained. Fig. 3 shows three constant e rms / f curves and it can be seen that I r rms decreases for f > 800 Hz for large values of e rms / f . This suggests above 800Hz, the lead resistance
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is a function of frequency. As Ohmic losses of the winding increase with frequency due to the skin and proximity effect, such an explanation is justifiable. Fig. 3 . Frequency vs input current variation for constant e rms / f curves
IV. WIDE BAND MODEL FOR MAGNETOSTRICTION
We discuss a phenomenological model for frequencies the range 0 − 800 Hz by specifying the unknown function ϕ(e) in Figure 1 . Specifically, an array of current sinks with n degrees of freedom will be shown to model classical eddy current and excess losses. It was found through experiment that n = 2 is sufficient in the 0 − 500 Hz range. As the bandwidth of the model increases, additional current sinks are required.
To discuss the representation of excessive and eddy current losses in the nonlinear circuit model, we use the statistical theory of losses developed by Bertotti [8] , which has been empirically proven by Fiorillo and Novikov [4] . The instantaneous classical eddy current loss (P c (t)) and excessive loss (P e (t)) in the time domain can be expressed as
where K c and K e are constants [4] . The constants k 1 = K c (NA) 2 and k 2 = K e (NA) 1.5 . If we define i 1 (e) and i 2 (e) as i 1 (e) = k 1 sign(e)|e|; i 2 (e) = k 2 sign(e)|e| 0.5 , then P c (t) = e i 1 (e) and P e (t) = e i 2 (e). Thus ϕ(e) for the classical and excess losses as described by [8] , [4] is:
Hence we get the model in Fig. 4 . We will show later it is not sufficient to represent ϕ(e) as two current sinks for frequencies in the range 500 − 800 Hz. For these frequencies, ϕ(e) by adding a set of functions σ i (e) such that σ i (0) = 0:
where i 1 and i 2 are defined as in Equations (39) and (40). For frequency region 500Hz-800Hz, we will empirically justify that for j ≥ 3: i j = k j sign(e)|e| α j . By re-labeling the current sinks so that i 1 (e) = k 1 sign(e)|e| 0.5 and i n (e) = k n sign(e)|e|, we have the following ordering constraint on the exponents: 0.5 = α 1 < α 2 < ... < α n = 1.
V. PARAMETER IDENTIFICATION
The parameter identification problem can be divided into two classes: identification of the parameters k 1 and k n and identification of the refinement parameters k 3 through k n−1 .
A. Identification of k 1 and k n
To identify k 1 and k n , one idea is to use (22) . If we knew RMS value of the power term P c + P e for several values of e rms , then we can simply compute k 1 and k n by linear algebra. As the total power loss in a cycle in the core is the sum P h + P c + P e where P h are the rate-independent hysteresis losses, we need to know what P h is. This involves estimating i m the magnetization current because we can then compute P h using our (already identified) Preisach operator which models the rate-independent hysteresis. Estimating i m is a challenge because we do not know i 1 , · · · , i n . To attack the problem differently, we will try fix the hysteresis loss at the same value as we change the frequency f . This will allow us to eliminate the hysteresis loss by using linear algebra. The following theorem suggests an appropriate method for doing this. The proofs of this theorem can be found in [18] .
Theorem 4: Let H 2-H 4 hold. Consider the nonlinear circuit model with n current sinks. Let {v i (t)} N i=1 be sinusoidal input voltages with frequencies f i , i ∈ {1, ..., N}, and with corresponding induced voltages {e i } N i=1 . If initial memory curves ψ 0 are the same and
then the hysteresis losses per cycle are the same for each input voltage. Theorem 4 gives us a method to fix the hysteresis losses. Under the condition that hysteresis power-loss per cycle is constant, we can find the average power delivered to the circuit by (T is the time-period): 
As shown in Section III A, e can be obtained by measuring v and v 1 . As i can also be measured, the unknowns in the The following analysis shows how to find the calibration factor. Consider
Then the calibration factor is:
Using the reading of a moving coil meter or an OSI model voltage transducer, |e| avg can be found by the following equation:
2) Experimental results: We first apply a sinusoidal input voltage with 500Hz frequency and increase the input voltage such that i rms reaches 1A. Then we obtain the |e| avg / f value, the e rms value, and sample data for e(t) and i(t). We simultaneously decrease input voltage v(t) and frequency f to achieve the same |e| avg / f value for different frequencies. Note that it is important to decrease v(t) first and f second so that the largest hysteresis loop we obtain is the loop corresponding to the constant |e| avg / f value. In this manner, we fix the initial memory curve. For the new setting we obtain the e rms value and the sample data of e(t) and i(t). We obtain a third set of sample data likewise. According to Equation (25) As the functions are periodic with period T , any time length t can be expressed as t = K T + τ where K is a non-negative integer and τ ∈ [0, T ). Consider: (25), we obtain three linear equations of k 1 , k 2 and P h , which we solve for k 1 and k 2 .
It is important to observe the distribution of k 1 and k 2 for distinct pairs of points. Fig. 5 shows that all the points lie on a neighborhood with radius 0.002, indicating that the deviations between two values are comparably small. We use the sample means, 0.0076 and 0.0068, for k 1 and k 2 , respectively..
B. Refinement parameter identification
To maintain a constant RMS current with increased frequencies, the input voltage must be increased. As a result, e rms also increases. At low frequencies the difference between the actual ϕ(e) and i 1 +i 2 is negligible. However, since e rms is increasing with frequency, the difference becomes significant. The graphs in Fig. 6 give the variation of k 1 and k 2 for different frequencies. Figure 6 shows that, as frequency increases, the sample means for k 1 and k 2 also increase, although k 1 and k 2 were assumed to be constants. This is a result of the increased difference between ϕ(e) and i 1 +i 2 . We must therefore, refine FrA03.5 the method of calculating ϕ(e). We do so by introducing refinement parameters k 3 through k n with respective current sinks i 3 through i n . In this case, for simplicity we let n = 4 and define i 3 = k 3 sign(e)|e| 2/3 and i 4 = k 4 sign(e)|e| 5/6 such that the powers of e are equally spaced between 1/2 and 1. Then we let ϕ(e) = i 1 + i 2 + i 3 + i 4 . With the additional current sinks, the power losses per cycle can be written as: 
To identify the values k 3 and k 4 , we use the same procedure discussed in Section 5.1. Since we have three unknown parameters, we record three sets of observation data with a fixed hysteresis loop and solve for k 3 and k 4 . To ensure more accurate values, we repeat this procedure many times and use the sample means for k 3 and k 4 , which are 0.0011 and 0.0005 respectively.
VI. SUMMARY AND CONCLUSION
We have investigated the problem of modeling and identifying the parameters for magnetostrictive actuators over a 0 -800 Hz frequency range. We developed a model with DC resistance and four nonlinear current sinks that are equivalent to nonlinear voltage resistances to model the eddy current and excess losses in the 0 -800 Hz range. In related work, we had shown the existence, uniqueness and stability of weak solutions to this model. To identify the parameters, we used the balance of input energy and energy losses. To deal with the non-linearity of the hysteresis loss with the peak magnetization, we have proposed a method (based on a theoretical analysis) that holds the hysteresis loss at a constant value, allowing the identification of the other parameters using linear programming. Our theoretical analysis indicates that the lead resistance cannot be assumed to have a constant value at frequencies higher than 800 Hz, which suggests that the skin effect becomes important at higher frequencies.
